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'^^'i Abstract. For all spherical homogeneous spaces G/H^ where G is a simply connected 

semisimple algebraic group and H a connected solvable subgroup of G, we compute the 
' spectra of the representations of G on spaces of regular sections of homogeneous line 

(N ■ 

bundles over G/H. 
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1. Introduction 



f— ( ! 1.1. Let G be a connected semisimple complex algebraic group and let be a closed 

\ subgroup of G. One of the problems of harmonic analysis on the homogeneous space 

' G/H is to find the spectrum of the representation of G on the space C[G/H] of regular 

functions on G/H. An important characteristic of this spectrum is the so-called weight 
semigroup K^{G/H). It consists of dominant weights of G such that the space <C[G / H], 
considered as a G-module, contains the irreducible G-submodule with highest weight A. 
^ ' The problem described above admits a natural generalization. Namely, one may con- 

>• . sider the problem of finding the spectra of the representations of G on spaces of regular 

sections of homogeneous line bundles over G/H. The whole collection of these spectra 
O ! also determines a semigroup A^{G/H) called the extended weight semigroup of the ho- 

mogeneous space G/H. The exact definition of this semigroup will be given in § 11.21 The 
semigroup A^{G/H) is naturally identified with a subsemigroup of A^{G/H) (see § 11. 2p . 

A subgroup H G G (resp. a homogeneous space G/H) is said to be spherical if a Borel 
subgroup B G G has an open orbit in G/H. In |yK] the following criterion for H to be 
spherical was proved. 

^ ■ Theorem 1 ( |VKt Theorem 1]). (1) A subgroup H C G is spherical if and only if for 

a ■ every homogeneous line bundle L over G/H the representation of G on the space of regular 

sections of L is multiplicity free. 

(2) In the case of quasi-affine G/H, a subgroup H G G is spherical if and only if the 
representation of G on the space C[G/H] of regular functions on G/H is multiplicity free. 

It follows from this theorem that for a spherical homogeneous space G/H the semi- 
group A_|_(G/if) determines the G-module structures on spaces of regular sections of all 
homogeneous line bundles over G/H and A^{G/H) determines the G- module structure 
on C[G/H]. In this connection, computation of the semigroups A^{G/H) and A^{G/H) 
for spherical homogeneous spaces G/H is of interest. 
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At present, considerable advancements have been achieved in computing weight semi- 
groups for affine spherical homogeneous spaces G/H (that is, with reductive H). Namely, 
there is a description of the semigroups A^{G/H) for all strictly irreducible simply con- 
nected affine spherical homogeneous spaces G/H (see their definition, for instance, in [Avll 
§1.4]), among them are all simply connected affine spherical homogeneous spaces of sim- 
ple groups. For such spaces G/H, in the case of simple G the semigroups K^{G/H) 
were computed in |Krj and in the case of non-simple G the semigroups A^{G/H) were 
computed in |Avl| . Using these results and simple additional considerations, one can 
obtain a description of the semigroups A^{G/H) for all simply connected affine spherical 
homogeneous spaces G/H, however this aspect has not yet been reflected in the literature. 

Remark 1. As far as the authors are informed, in the case of non-simple G the semigroups 
A_|_(G/if) for all simply connected strictly irreducible affine spherical homogeneous spaces 
G/H were computed by Yu. V. Dzyadyk as long ago as in 1985. However these results 
have not been published. 

For non-affine spherical homogeneous spaces G/H, the state of the art in the compu- 
tation of the semigroups A^{G/H) or A^{G/H) is much more complicated: the authors 
are aware of only several particular cases of computing these semigroups. For instance, 
it is not hard to describe the semigroup A^{G/H) in the case where H is an interme- 
diate subgroup between some parabolic subgroup of G and its derived subgroup. (Such 
subgroups H are exactly the horospherical subgroups, that is, subgroups containing some 
maximal unipotent subgroup of G; see |Knl §2] about that.) Another particular case was 
examined in [GorJ, where the semigroups A^{G/H) were computed in the case where G 
is simply connected and H = TU' {U is a maximal unipotent subgroup of G, U' is its 
derived subgroup, T is a maximal torus in G normalizing U). 

In the general case, for spherical homogeneous spaces G/H it is more convenient to 
compute the semigroup A^{G/H). This is caused by the following reason: if G is simply 
connected, then A^{G/H) is free for any spherical subgroup H G G (see Theorem [2] in 
§ 11. 3p . In this case, to compute the semigroup A^{G/H) it suffices to find its rank and 
present the required number of its indecomposable elements. As far as the semigroup 
A+{G/H) is concerned, it turns out to be free much more rarely. Namely, for G simply 
connected and H connected a known sufficient condition for this semigroup to be free is 
that H has no non-trivial characters (see |Palt Proposition 2]). We note that, generally 
speaking, this condition is quite restrictive. 

In the present paper we compute the semigroups A^{G / H) for all spherical homoge- 
neous spaces G/H, where G is a simply connected semisimple group and is a connected 
solvable subgroup of G. The approach used for this purpose combines ideas contained 
in |Gor] and |Av2) . Namely, we generalize the technique applied in |Gor] for computing 
the semigroups A+{G/H) in the case H = TU' (see above) to the case of an arbitrary con- 
nected solvable spherical subgroup H G G, making use of a structure theory of connected 
solvable spherical subgroups in semisimple algebraic groups developed in |Av2] . The com- 
putation results are expressed in terms of combinatorial data considered in |Av2| . The 
main result of this paper is Theorem H] (see § 12. ip . 

1.2. Throughout this paper the ground field is the field C of complex numbers, all topo- 
logical terms relate to the Zarisky topology, all groups are supposed to be algebraic and 
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their subgroups closed. Tangent algebras of groups denoted by capital Latin letters are 
denoted by the corresponding small German letters. For any group L we denote by 
the group of its characters in additive notation. 

In what follows, G denotes a connected semisimple algebraic group. In G we fix a Borel 
subgroup B and a maximal torus T contained in B. The maximal unipotent subgroup 
of G contained in B is denoted by U . The groups X{B) and j£(T) are identified by 
restricting characters from B to T. The set of dominant weights of G with respect to B 
is denoted by A_|_(G'); Kj^{G) C This notation agrees with the notation A^{G/H) 

introduced in § ll.ll in the case H = {e}. For A G A+(G') we denote by V{X) the irreducible 
G-module with highest weight A and by vx a fixed highest-weight vector in V{X) (with 
respect to B). For every A G A_|_(G) the highest weight of the irreducible G- module dual 
to V{X) is denoted by A*. 

The actions of G on itself by left translation {{g,x) i— )■ gx) and right translation 
{{g, x) I—)- xg~^) induce representations of G on the space C[G] of regular functions on G by 
the formulas {gf){x) = f{g~^x) and {gf){x) = f{xg), respectively {g,x G G, f ^ 
For brevity, we refer to these actions as the action on the left and on the right, respectively 
(where g,x & G and / G C[G]). For every subgroup L G G we denote by ^C[G] (resp. 
CfG]"^) the algebra of functions in C[G] that are invariant under the action of L on the 
left (resp. on the right). 

Let iJ C G be an arbitrary subgroup. We recall (see [Pop , Theorem 4]) that the 



homogeneous line bundles over G/H are in one-to-one correspondence with the characters 
of H. Namely, a character x ^ X.{H) corresponds to a homogeneous line bundle L{x) = 
{G X C^)/H over G/H, where H acts on G by right translation and on the space C^^ ~ C 
by means of the character x- The fiber of L{x) over the point cH is the line C^^. For every 
X G X{H) there is a natural G-equivariant isomorphism between the space r(L(— x)) of 
regular sections of L(— x) and the space 

V^ = {fe C[G] I figh) = x{h)f{g) ^g EG,yheH}c C[G]. 

Under this isomorphism, a function / G corresponds to the section 7j G r(L(— %)) 
given by the formula 'yf{gH) = [g, f{g)], where [g, f{g)] is the class in L{—x) of pair 
{g,f{g)). It is easy to see that the space Vq ^ r(L(0)) corresponding to the character 
X = is nothing else but the space C[G]^ = C[G/H] of regular functions on G/H. We 
note that ^ = C[G]'^°, where the subgroup Hq G H is the intersection of kernels 

of all characters of H. 

Suppose that A G A+(G) and x ^ X{H). A function / G C[G] is said to be {B x H)- 
semi-invariant of weight (A, x) if / is semi-invariant of weight A under the action of B 
on the left and semi- invariant of weight x under the action of H on the right, that is, 
f{h~^gh) = X{b)x{h)f{g) for all b e B, g e G, h e H. Every non-zero {B x H)- 
semi-invariant function of weight (A, x) is a highest weight vector of some irreducible 
G-submodule in with highest weight A, and vice versa. We denote by A{X, x) the 
subspace in C[G] consisting of all {B x i7)-semi-invariant functions of weight (A, x)- It is 
easy to see that the multiplicity with which the irreducible G-module with highest weight 
A occurs in the G-module equals dimyl(A,x)- 

Definition 1. The extended weight semigroup A^{G/H) of a homogeneous space G/H 
is the set of pairs (A,x) (where A G A+(G) and x ^ ^{H}) such that dimy4(A,x) ^ 1- 
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The inclusion A{Xi, xi)A{X2, X2) C. A{Xi + X2,Xi + X2) implies that the set A^{G/H) 
is indeed a semigroup. We note that this semigroup always contains the element (0, 0) 
since the space Vq = C-IG/H] of regular functions on G/H always contains the constants. 
Thus h.^{G / H) is a monoid. 

Evidently, A+{G/H) ~ {{X,x) e A+{G/H) | ^ = 0} C A+{G/H). In particular, 
A+iG/H) ^ A+{G/H) whenever X{H) = 0. 

We recall that there is the following isomorphism of {G x G')-modules: 

(1) c[G]^ v{y)^v{xy, 

AeA+(G) 

on the left-hand side, G x G acts on the left and on the right, and in each summand on 
the right-hand side the left (resp. right) factor of G x G acts on the left (resp. right) 
tensor factor. We note that for fixed A G A+(G') the (G x G)-module V{X*) ® ^(A) is 
embedded in C[G] as follows: the image of an element u^v G V{X*)®V{X) is the function 
whose value at each point g & G equals {u, gv), where (■ , ■) is the natural pairing between 
V{X*) and V{X). Under isomorphism ([1]) the subspace A{X*, x) C C[G] corresponds to the 
subspace vx'-<S)V{X)^^'^ C V{X*)iS)V{X), where V{X)i^^ C V{X) is the subspace of H-semi- 
invariant vectors of weis; ht X- Hence dimA{X*,x) = dimy(A)^"' and (A*,x) e A+{G / H) 
if and only if V{X)^^^ ^ 0. 

1.3. We now suppose that if C G is a spherical subgroup. In this case. Theorem [1] 
implies that the condition (A*, x) ^ ^+{G/H) is equivalent to either of the two conditions 
dimA(A*,x) = 1 and dim\/(A)i^^ = 1. 

An important a priori information about A^{G/H) is given by the following theorem. 

Theorem 2. If G is simply connected, then for every spherical subgroup H G G the 
semigroup A_(_(G/if) is free. More precisely, A+(G/if) is isomorphic to the semigroup 
V{G/H) of effective B-stahle divisors in G/H , which is freely generated by the finite set 
of B -stable prime divisors in G/H. 

In the case of a connected spherical subgroup H G G the fact that A+(G/iJ) is free 
can be proved by an argument due to Panyushev, although in his paper |Pal] he applied 
it to a more particular situation, namely, to prove that the semigroup A+(G/if) is free if 
X{H) = (see |Palt Proposition 2]). For an adaptation of this argument to the situation 
under consideration see \Avl\ Theorem 1]. The following proof of Theorem |2] in the general 
case was communicated to the authors by D. A. Timashev. 

Proof of Theorem^ Regard the map p: A^{G/H) — t- T>{G/H) defined as follows. To 
each element (A,x) £ A+(G///) we assign the divisor of zeros of an (arbitrary) non-zero 
section in the one- dimensional subspace A{X,x) C — r(L(— x)). It is easy to see that 
this divisor is 5-stable and the map p is a semigroup homomorphism. Conversely, let 
D G T?{G/H) be an arbitrary divisor. Being a Weil divisor on G/H, D is locally principal 
and hence determines a line bundle L over G/H together with a section s (uniquely 
determined up to proportionality) in such a way that D is the divisor of s. As is 
effective, the section s is regular. Further, since G is simply connected, its action on G/H 
'lifts' to an action on L, that is, the bundle L is homogeneous (see [Pop Proposition 1 
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and Theorem 4]). The divisor D is 5-stable, hence s is 5- semi- invariant. It follows that 
p is a bijection and thereby an isomorphism. □ 

Remark 2. In the case of simply connected G, the algebra C[Cj] is factorial (see |Pop[ 
Corollary from Proposition 1]); therefore, under the assumptions of Theorem |21 the semi- 
group A^{G/H) is also isomorphic to the semigroup of effective {B x i7)-stable divisors 
in G. Under this isomorphism an element (A,x) ^ ^+{G/H) corresponds to the divi- 
sor of zeros of some (any) non-zero {B x if)-semi-invariant function in A{X,x)- In the 
case of connected H the semigroup of effective {B x if )-stable divisors in G is freely 
generated by the finite set of prime {B x if)-stable divisors. In this situation, an el- 
ement (A, x) G ^+{Cr/H) is indecomposable if and only if the corresponding non-zero 
{B X ii) -semi-invariant function in A{X,x) is irreducible in C[G]. 

1.4. Some notation and conventions. 

e is the identity element of any group 
|X| is the cardinality of a finite set X 
V* is the space of linear functions on a vector space V 

diag(ai, . . . , a„) is the diagonal matrix of order n with elements ai, . . . , a„ on the diag- 
onal 

For a group L, the notation L = Li A L2 signifies that L decomposes into a semidirect 
product of subgroups Li,L2, that is, L = L1L2, Li (1 L2 = {e}, and L2 is a normal 
subgroup of L. 

We identify the lattice X(T) with a sublattice in t* by associating each character G 
X(T) with its differential dfi & t*. 

In 3£(T) (and thereby in t*), we fix the root system A with respect to T and the set 
of positive roots A+ C A with respect to B. Let 11 = {ai, . . . , a„} C A+ be the set of 
simple roots and let Ui, . . . ,Un G X(T) be the fundamental weights corresponding 

to the simple roots respectively. In the case of simply connected G one has 

wi, . . . ,a;„ G X(T). 

For every root a E Yl ^-yl ^ ^+) '^^ P^^ Suppa = {7 | A;^ > 0}. 

Let W = Ng{T)/T be the Weyl group. In the space X(T) (K)^ Q we fix an inner product 

(■ , ■) invariant under W. For A,/i G X(T) {fi 7^ 0), we put (A| /i) = / '^Z^ . 

(/i,/x) 

Let A^ C t be the root system dual to A. For every a G A we denote by the 
corresponding element in A^. 

In each root subspace 0q, C we choose a basis vector Cq, in such a way that the 
condition [cq, e_Q,] = ha is fulfilled for every a G A. 

Acknowledgements. The authors are deeply grateful to E. B. Vinberg and D. A. Tima- 
shev for reading the previous version of this paper and valuable comments. 

2. Formulation of the main result 

2.1. In order to state the main theorem, we need some facts from the structure theory 
of connected solvable spherical subgroups in semisimple algebraic groups; see 

Let H G B he a. connected solvable subgroup and let N G U be its unipotent radical. 
We say that H is standardly embedded in B (with respect to T) if the subgroup S = 
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if n T C T is a maximal torus in H. Obviously, in this situation one has H = S A N . 
Every connected solvable subgroup in G is conjugate by a suitable element of G to a 
subgroup standardly embedded in B. 

Suppose that a connected solvable spherical subgroup H G G standardly embedded 
in B is fixed. As above, we put S" = fl T and N = H n U so that H = S AN. We 
identify the groups X{H) and X{S) by restricting characters from H to 5*. We denote by 
r: jC(T) — 7- X{S) the character restriction map from T to S. Let $ = t(A+) C X{S) be 
the weight system of the action of on u by means of the adjoint representation of G. 
One has u = ^ u^, where C u is the weight subspace of weight if with respect to 5*. 

Let n = ® be the decomposition of n into the direct sum of weight subspaces with 

respect to S. Here for every G $ one has C u^. For every G $ let denote the 
CO dimension of in u^. 

In the notation introduced above, there is the following sphericity criterion for a con- 
nected solvable subgroup in G. 

Theorem 3 ( |Av2t Theorem 1]). Let H G G be a connected solvable subgroup standardly 
embedded in B. The following conditions are equivalent: 

(1) H is spherical in G; 

(2) ^ 1 for every and all weights with = 1 are linearly independent 
in X{S). 

Later on, we assume if C G to be a connected solvable spherical subgroup stan- 
dardly embedded in B and retain the notation introduced above. We put = 
{a e A+ I 0„ ^ n} C A+. 

Definition 2. The roots in \1/ are called active. 

Let ifi, . . . , (prn denote all the weights (/? G $ with c^p = 1. For i = 1, ... ,m we put 
^. = {a G * I r(a) = v?i} and Ui = Qa- It is obvious that ^ = U ^2 U . . . U 

and Ui C u<^,. 

The set of active roots possesses the following property (see |Av2l Lemma 4]): if a is 
an active root and a = /3 + 7 for some /3, 7 G A-|., then exactly one of the two roots /3, 7 
is active. 

Definition 3. We say that an active root /3 is subordinate to an active root a if there is 
a root 7 G A+ such that a = /3 -|- 7. 

Proposition 1 ([Ay2, Proposition 3]). Let a be an active root. There is a unique simple 
root 7r(a;) G Supp a with the following property: if a = ai + 02 for some ai,a2 G A+, 
then ai {resp. 0:2) is active if and only if n{a) ^ Suppai {resp. 7r(Q;) ^ Suppa2). 

Thus one has a map tt : ^ — t- 11. 

For every j = 1, . . . ,m, regard the set vr(\l/j). Let aj-^, aj^, . . ., a^v, where r = r(j) = 
|7r(^j)|, denote all roots contained in 7r(\l'j). We put \j = Uj^ + Uj.^ + . . . + ujj^. 
We can now state the main result of the present paper. 

Theorem 4. If G is simply connected, then the semigroup A^{G/H) is freely generated 
by the elements [u*, T{ui)), i = 1, . . . ,n, and the elements (A*, T(Aj) — ipj), j = 1, . . . ,m. 

This theorem will be proved in §|H 
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2.2. Let us present two examples of application of Theorem HJ In both cases, the spheric- 
ity of H follows from Theorem 121 

Example 1. [Got] Suppose that G is simply connected and H = TU' . Then S = T, 

N = U', n = ^ Qa, T = id, m = n, \1/ = n, vr = id. The semigroup A^{G/H) is freely 

QeA+\n 

generated by the elements {u*, Ui), {u*, Ui — a^), where i = 1, . . . , n. 

Example 2. Suppose that G = SL4 and the groups B,U,T consist of all upper- 
triangular, upper unitriangular, diagonal matrices, respectively, contained in G. For 
t = diag(ti, ^2, ^3, ^4) € T and = 1,2,3 we put ak{t) = tkt^^^. Consider a subgroup 
H = S A N C G, where S = {diag(si, S2, s^"*^, s^-^) \ si, S2 G C^} and n C u is the set of 
all matrices of the form 

/O a b c\ 
d b 
-a ' 

\o y 

where a,b,c,d G C are arbitrary numbers. We note that H is a Borel subgroup of the 
group Sp4 C G preserving the skew-symmetric form with matrix 

/ l\ 

10 

-10 0' 
\-l 0/ 

One has n = 3, m = 2, (pi = r(a;i) = r(a;3), (p2 = r(ai + 02) = r{a2 + 0:3), \l'i = {ai, 0:3}, 
^^^2 = {«i + a2,a2 + as}, 7r(a;i) = ai, n{as) = 03, 7r(a;i + 0:2) = 7r(Q;2 + 0:3) = 02- For 
s = diag{si, S2, 82^ , Si^) E S we put = Si, X2(s) = S1S2. The semigroup A^{G/H) 

is freely generated by the five elements ((X'3, r(u;i)) = {oj2,,Xi), (1^2, ^(1^2)) = (1^2, X2), 
(a;i,r(a;3)) = (a;i,Xi), {uji + U3,t{ui + Us) - (pi) = {ui+U3,X2), (c^2, t"(c^2) - V52) = (^2,0). 

3. Auxiliary results 
This section contains all facts needed in the proof of Theorem HI 

3.1. In this subsection we describe a general approach to computing the rank of the 
semigroup A^{G/H) in the case of an arbitrary connected subgroup H G G. This ap- 
proach will be applied in § l4.1l to computing the rank of A^{G/H) under the assumptions 
of Theorem HJ 

We first recall the following notion. 

Let L be a reductive group and let Bl be a Borel subgroup of L. The rank of the 
action L : X of L on an irreducible variety X is the rank of the lattice A{X) C X{Bl), 
where A{X) consists of weights fi G X{Bl) such that the field C(X) of rational functions 
on X contains a non-zero i?L-semi-invariant function of weight ^. We denote by ^^(X) 
the rank of the action L : X. By the rank of a homogeneous space L/K we shall mean 
the rank of the natural action L : L/K hj left translation. 

Let H he an arbitrary connected subgroup of G. Regard the homogeneous space G/Hq 
(see the definition of the subgroup Hq in § 11. 2p . It is quasi-affine since Hq has no non-trivial 
characters. There is a transitive action of the group G = G x H/Hq on G/Hq, where 
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G acts on the left and H / Hq acts on the right. Under this action, the stabihzer of the 
point cHq is the subgroup H = {{h, hH^) \ h G H} C G, which is isomorphic to H. Thus 
there is an isomorphism of varieties G/Hq G/H. The algebras C[G/Hq\ and C[G/H] are 
isomorphic as G- modules, hence there is a semigroup isomorphism A^{G/H) ^ A^{G/H). 
Since G/H is quasi-affine, the lattice A{G/H) is generated by the semigroup A^{G/H) 
(see, for instance, |Timt Proposition 5.14]), therefore rkA+(G//7) = TkA{G/H). Hence 
YkA^{G/H) = rQ{G/H). The rank of the homogeneous space G/H can be computed by 
using the following general result of Panyushev. 

Proposition 2 ([ Pa2t Theorem 1.2(ii)]). Let L be a connected reductive group and let 
P G L be a parabolic subgroup with Levi decomposition P = Pr A Pu, where P^ and Pu 
are a maximal reductive subgroup and the unipotent radical of P, respectively. Let K G L 
be a connected subgroup with Levi decomposition K = Kr A Ku, where and are 
a maximal reductive subgroup and the unipotent radical of K, respectively, with G Pr 
and Ku G Pu- Finally, let F G be a generic stabilizer for the action Kr : pr/ir {the 
subgroup F is reductive). Then ri{L/K) = rp^{Pr/ K^) + rp{Pu/ Ku) ■ 

3.2. In this subsection we collect all necessary results of active root theory. 

Proposition 3. Suppose that 1 ^ i, j ^ m and different roots a G \E'j, /3 G are such 
that ^ = f3 — a G A+ . Then 

(a) |Av2l Proposition 1] \Efi + 7 C 

(b) |Av2| Proposition 10(c)] 2/ |\E'j| ^2, then 'j is a unique positive root with the property 

Corollary 1. Suppose that 1 ^ i ^ m and roots a, /3 G \l'j are different. Then a — P ^ A. 

Proof. Assume that 7 = a — /3 G A. We may also assume that 7 G A_|_. Then in view of 
Proposition ini^a) one has \E'j + 7 C \E'j, which is impossible. □ 

For every i = 1, . . . ,m the subspace n fl Uj is determined inside Uj by the vanishing of a 
linear function (uniquely determined up to proportionality), which will be denoted by 
If a G for some i G {1, . . . , m}, then the restriction of to Qa is not zero. 

Proposition 4 ( |Av2i Proposition 2]). // \E'i + 7 C for some i,j G {1, • • • ,m} and 

7 G A+, then there exists a number c 7^ such that C,i{x) = c^j{[x, e^]) for all x G Uj. 

Proposition 5 ( |Av2t Corollary 11]). Let active roots a,f3 be such that r(a) = t(/3). 
Then either 7r(a) = vr(/3) or none of the roots 7c{a), vr(/3) is contained in Supp a fl Supp (3. 

4. Proof of the main theorem 

In view of Theorem [2] the proof of Theorem H] involves three stages. First, in § 14.11 we 
compute the rank of the semigroup A^(G/H). Then in § l4.2l we show that all the elements 
mentioned in the statement of TheoremlHare indeed contained in this semigroup. At last, 
in § 14.31 we prove that these elements are indecomposable in A+{G/H). 

In this section we preserve the notation introduced in § 12. 1[ 



HARMONIC ANALYSIS ON SPHERICAL HOMOGENEOUS SPACES 



9 



4.1. In this subsection we prove the following proposition. 

Proposition 6. Under the assumptions of Theorem^ the rank ofA^{G/H) equals n+m. 

Below we present two different proofs of this proposition. The first one uses the general 
approach for computing the rank of extended weight semigroups, which was described in 
§ 13.11 The second proof is direct and uses a geometric argument. 

Proof 1 . The natural epimorphism H — H/ Hq maps the subgroup S G H isomorphically 
onto H/Hq. For this reason, further we identify S and H/Hq. It was shown in § l3.1l that 
YkA^{G/H) = rQ(G/H). To compute rQ{G/H) we apply Proposition [2] with L = G = 
G X S and K = H. Let P = B x S. Then P^ = T x S , Pu = U] Kr = S, = N, 
where the subgroup S G H is isomorphic to S and embedded diagonally in the subgroup 
S X S G H X S. Since 5* acts trivially on pr/K — (t © 5)/s, one has F = S. Therefore 
rQ{G/H) = rTxs{{T x S)/S) + rg{U/N). It is easy to see that the first summand in the 
last sum is equal to rk T = n. Let us find the value of the second summand. Clearly, this 
value coincides with rs{U/N). In view of |Mont Lemma 1.4] there is an 5'-equivariant 
isomorphism U/N c:^ u/n. By Theorem [3l u/n is isomorphic as an S'-module to the direct 
sum C^^ © ... © Cifirn, where C^. ~ C is the subspace of weight (fi with respect to S and 
the weights (fi, . . . , (f^ are linearly independent. This implies that rs{U/N) = m. □ 

Proof 2. Since H is connected, in view of Remark [2] the rank of A^(G/H) equals the 
number of [B x if)-stable prime divisors in G. Regard the Bruhat decomposition of G: 

G= \_\ BaB, 

where the union is disjoint. Among the subsets BaB G G, each of them being {B x B)- 
stable, there is the open subset Go = Ba^B G G (referred to as the open cell), where 
(To is the longest element in W . It is well known that the complement of Go in G is the 
union of exactly n prime divisors, which are [B x i?)-stable (and so [B x iJ)-stable). 
Hence to complete the proof it remains to show that the number of {B x iJ)-stable prime 
divisors in Go equals m. In view of the isomorphism Go — Bctq x U we obtain that the 
{B X if)-stable divisors in Go are in one-to-one correspondence with the if-stable divisors 
in U, where the action of H on U is given by the formula {sv,u) i— )■ suv~^s~^ (s G S, 
V & N, u & U). In turn, the iJ-stable divisors in U are in one-to-one correspondence with 
the S'-stable divisors in U/N or, in view of an S'-equivariant isomorphism U/N ^ u/n 
(see |Mont Lemma 1.4]), with the S'-stable divisors in u/n. Taking into account an S'- 
module isomorphism u/n ~ C^-^ © ... © C^^ (see Theorem [3]), we see that the S'-stable 
prime divisors in u/n are exactly the divisors of zeros of S'-semi- invariant linear functions 
on u/n. Evidently, up to proportionality there are exactly m such linear functions. □ 

4.2. In this subsection we show that the elements listed in the statement of Theorem H] 
are contained in the semigroup K+{G/H). 

As was mentioned earlier (see § 11. 2p . the condition (A*,x) G ^+{G/H) is equivalent to 
the condition V^(A)x^^ 0. For the elements (a;*,r(wj)), i = 1, . . . , n, it is quite easy to 
point out a non-zero vector in V{uJi)^^^ y this is the highest weight vector f^. G V{iOi). 

Now it remains to prove that {X*,T{Xj)—ipj) G A+(G/if) or, equivalently, V^Xjy^^^ -j^^^ ^ 
for all j = 1, . . . , m. This is the objective of the rest of the subsection. 
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Below we shall need the following simple lemma. 

Lemma 1. Suppose that fi G A+(G) and a,/3 E A_|_. Then: 

(a) ea{e-i3V^) = [ea,e-p\v^; 

(b) if [cq,, e_/3]f^ 7^ 0, then f3 — a E A+. 

We fix j G {1, . . . , m} and denote by . . . , /3p all roots in "^j. The linear function 
C,j G u* (see § l3.2p is determined by the set of non-zero numbers ai, . . . , as follows: an 
element XiC/j^ + . . . + x^e^^ G Uj lies in n if and only if aiXi + . . . + apXp = 0. 

Suppose that vr(\E'j) = {a^^, . . . , aj^} and Aj = + . . . + Wj,. G A+(G') (see § 12. ip . We 
note that for every k = 1, . . . ,p one has \j{hp^) = {Xj \ (5k) > in view of the condition 
7r(/3fc) G Supp/3fc, whence e-p^vx^ ^ 0. We set 

and regard the (non-zero) vector Wj = fjV\. G V{Xj). 

( H) 

Our goal is to show that wj G y{^j)r{x )-^-- easy to see that the vector wj is 

5'-semi-invariant of weight T(Aj) — (fj. Let us prove that wj is if-semi- invariant. For this 
purpose, it suffices to prove the following proposition. 

Proposition 7. The vector wj is annihilated by the algebra n. 

Proof consists of three steps. 

Step 1. Let us prove that Wj is annihilated by n fl Uj. For this purpose, we take an 
arbitrary element x = XiCp^ + . . . + XpCj^^ G n fl Uj and show that xwj = 0. In view of 
Lemma a) one has 

By Corollary [H for all k ^ I one has (if, — Pi ^ A, whence [e^j.,e_/3j = 0. Therefore 

where the relations hj^^vx. = \j{hjj^)vx^ and OiXi + . . . + apXp = are taken into account. 

Step 2. Let us prove that Wj is annihilated by n fl Uj for i ^ j. Suppose that \E'j = 
{71, . . . , 7g}. If |\E^j| = 1, then n fl Uj = {0} and there is nothing to prove. So further we 
assume |\E'j| ^ 2. The linear function G u* is determined by a set of non-zero numbers 
hi, ... ,bq so that an element yic^-^ + . . . + yqC^^ lies in n if and only if biyi + . . . + bgi/g = 0. 
Suppose y = yic^^ + . . ■ + yqe^^ G nflUj. Let us show that ywj = 0. In view of Lemma [T]^ a) 
we have 

Assume that for some k G and / G {l,...,p} the element [e^j.,e_/3j acts 

non-trivially on Vxy Then by lemma [T|^b) we get '^k — (^i = for some 6 G A+. In view 
of Proposition [3]^a) one has \E'i + 5 C Since |\E'j| ^ 2, by Proposition [3l^b) the root 6 is 
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the only positive root with property + 5 C Renumbering the roots in without 
loss of generality we may assume that 71 + 5 = . . . , 7^ + 5 = Then 




where for k = l,...,q the numbers dk are such that [e^^., e_/3j.] = dkC^s- Further, for 
k = 1, . . . ,q one has [e^^,, es] = CkCfif,, where Ck 7^ 0. In view of Proposition H] we may 
assume that hk = dkCk for all = 1, . . . , g. 

To complete the proof, it suffices to show that 

aidiVi ^ ^ aqdqyq _ ^ 

bk 

Substituting ak = — into this formula for k = 1, . . . , g and taking into account the 

Ck 

condition biyi + . . . + bq-yq = 0, we find that now it suffices to prove the relation 

di _ _ dq 

CiAj(V) "' CqXjihpJ 

To this end, for fixed A; G {1, . . . , g} we regard the three elements e^^., es, e_/3j, and write 
down the Jacobi identity for them: 

[[e^,, 65], e_/3j + [[e_/3,, e^J, 65] + [[e^, e.^jj, e^J = 0, 

or 

Cfc/i/3fe + dkhs + Akh^^ = 0, 
where is some number. Acting on vx^ by both sides of this equality, we obtain 

Ck>^j{h/3^) + dk\j{hs) + Ak\j{h^^) = 0. 

Since 7^ is an active root subordinate to the active root P^, it follows that the simple root 
7r(/3jt) = ctjj is not contained in the set Supp7fc, whence Uj^{h^^) = 0. Further, in view of 
condition Supp7m C Supp/3m and Proposition |5] we obtain vr(\E'j) fl Supp7fc = 0. Hence 
'^jii^ik) = • • • = ^jX^ik) — ^^"i ^jiJ^ik) — 0- Thus, CkXjihj^^,) + dkXj{hs) = 0. We note 
that Xj{hs) = \ 6) = (wjj 6) > because G Supp5. Hence the quantity 

dk _ I 
CkXjihpJ Xjihs) 

is independent of k, as required. 

Step 3. Let us prove that Wj is annihilated by for every 7 G A_|_\\l'. In view of 
Lemma a) we have 




Let us show that each summand of the latter sum equals zero. Assume the con- 
verse: [e^, e_/3^Jt'A^ 7^ for some k G {l,...,p}. Then by Lemma [T](b) we obtain 
S = — 7 G A+. Hence e^st^Xj 7^ and {Xj\6) > 0. On the other hand, from the 
conditions = 7 + 5 and 7 ^ ^ it follows that 6 is an active root subordinate to 
the active root This means that 7r(/3fc) ^ Supp(5. Then by Proposition [5] one has 
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7r(\l/j) nSupp(5 = 0, whence {Xj\6) = 0. This contradiction completes Step 3 and the 
proof of the proposition. □ 

Remark 3. If p = 1 (that is, = 1), then the proof of Proposition [7] considerably 
simplifies. Namely, in this case there is nothing to prove at Step 1 (since n H Uj = 0) 
whereas Step 2 looses its substantial part: for i ^ j and |\E'j| ^2 the condition ^^^+7 C \E'j 
can hold for no root 7 G A+. We also note that for p = 1 the vector Wj is proportional 

to e-i3^vxy 

4.3. In this subsection we prove that the elements of the semigroup A_|_(G/i7) listed in 
the statement of Theorem [Hare indecomposable in this semigroup. Since H is connected, 
in view of Remark [2] it suffices to prove that the non-zero {B x if )-semi-invariant regular 
functions on G corresponding to the above-mentioned elements are irreducible in C[G]. 

For i = 1, ... ,n we denote by Pj the function in C[G] corresponding to the element 
Vuj* ® v^. G V{u*) ® V{uJi) under isomorphism ([T]). One has Pi{g) = {v^*,gv^.) for 
all g E G. The function is {B x if)-semi-invariant of weight {u*,T{ui)). Similarly, 
for j = l,...,m we denote by Qj the function in C[G] corresponding to the element 
Vx* Wj G V{\*) ® V{\j) under isomorphism ([1]). We have Qj{g) = {vx*,gwj) for 
all g E G. The function Qi is {B x f/')-semi-invariant of weight (A*,r(Aj) — (pj). 

Lemma 2. Suppose that i G {1, ...,«} and v G V{ui)\{0} . Then the function f G <C[G] 
corresponding to the element Vu)*®v G V{uj*)®V{uJi) under isomorphism ([1]) is irreducible 
inC\G]. 

Proof. Regard the algebra ^C[G']. In view of isomorphism ([1]) we have 

Uc\G]^ vx*®V{\), 

AeA+(G) 

where the component Vx* ®V{X) is regarded as a subspace in V{\*)®V{X). The action on 
the left of the torus T determines a grading on '^C[G] by elements of Kj^{G) in such a way 
that the component of weight A* corresponds to the subspace Vx* ® V{X). The hypothesis 
of the lemma implies that / is contained in the component of weight uj* of ^C[G]. Since 
the component of weight contains only the constants and the weight uj* admits no non- 
trivial expression as a sum of two elements in A+(G), it follows that the function / is 
irreducible in '^C[(j']. It remains to notice that, for a function in ^C[G], irreducibility in 
^C[G] is equivalent to irreducibility in C[G], since the group U is connected and has no 
non-trivial characters (see |PV[ Theorem 3.17]). □ 

Corollary 2. For all i = 1, . . . ,n the function Pi is irreducible in C[G]. 

We note that for every i = 1, . . . ,n the function P, is not only {B x /7)-semi- invariant, 
but also (P X P)-semi-invariant. Therefore the corresponding (P x P)-stable prime 
divisor Pj C G is also (P x P)-stable. As was already mentioned in § 14.11 (see Proof 2 
of Proposition E]) , the complement in G of the open Bruhat cell Gq = Ba^B is the union 
of exactly n prime divisors, which are (P x P)-stable. It is clear that these divisors are 
nothing else but Pi, ... , P„. 

To complete the proof of Theorem H] it remains to prove that the function Qj is irre- 
ducible in C[G] for j = 1, . . . ,m. 
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Proposition 8. For all i = 1, . . . ,n and j = 1, . . . ,m the function Qj is not divisible 
by Pi. 

Proof. We fix i G {1, . . . ,n}, j G {1, . . . , m} and show that Qj is not divisible by Pi. 
The function Qj/Pi is a (i? x iJ)-semi- invariant rational function on G of weight 
(A* — u*, T{Xj — Ui) — ipj). If i ^ {ji, . . . ,jr}, then the weight A* — u* is not dominant, 
therefore the function Qj/Pi is not regular. Taking this into account, further we suppose 
that i G {ji, . . . ,jr}- Moreover, without loss of generality we may assume i = ji. We 
recall that Wj = fjVx -, where the element fj is defined in § 14.21 The function correspond- 
ing to the element vx* v\ under isomorphism is {B x i7)-semi-invariant of weight 
(A*, \j). In view of the condition dim. A{\*j^ Aj) ^ 1 we obtain that this function coincides 
with the function cPiPj^ . . . Pj^ for some c 7^ 0. Without loss of generality we assume 
c = 1. Then one has Qj = fj{PiPj^ . . . Pj^), where the action on C[G] of the Lie algebra g 
is induced by the action of G on the right. The element fj acts on the product PiPj^ ■ ■ ■ Pjr 
as a derivation, therefore Qj = {fjPi)Pj^ . . . Pj^ + Pj ■ fj{Pj.2 ■ ■ ■ Pjr)- Hence the divisibility 
of Qj by Pi is equivalent to the divisibility of fjPi by Pj. Under isomorphism ([T]), the 
function fjPi corresponds to the vector v^* ® {fjVuji) G Viuj*) ® V{ijJi). Let us show that 
this vector is non-zero, that is, fjV^^^ 7^ 0. For that, it suffices to find a root /3 G such 
that C-pVuji 7^ 0. The last condition is equivalent to the inequality (o;,! /3) > 0, which 
surely holds for any root (3 G with 7r(/3) = a^. Thus, the vector fjV^^ G V{uj,i) is 
non-zero. It is easy to see that this vector is not proportional to f^^j. In view of Lemma [2] 
this implies that fjPi is irreducible in C[(j] and is not proportional to Pj. Hence fjPi is 
not divisible by Pj, and so is Qj. □ 

In view of the condition G\Gq = Di U . . . U Dn and Proposition [8] the proof of the 
irreducibility in C[G] of each function Qj reduces to the following proposition. 

Proposition 9. For every j = 1, . . . ,m the restriction of Qj to the open cell Gq is an 
irreducible function in C[Go]. 

Proof. Let j G {1, • • • ,m}. Then one has Xj = Uj^ + . . . + Wj,,. The restrictions to Gq 
of the functions Pi, . . . , P„ are invertible, therefore it suffices to prove that the function 
Qj = Qj/{Pj^...Pj^) is irreducible in C[G'o]- We note that this function is [B x H)- 
semi-invariant of weight (0, —^Pj)- Since the group B x H has an open orbit in Go, the 
subspace in C[Go] consisting of all {B x iJ)-semi- invariant functions of weight (0, —^Pj) 
is one-dimensional. The proof will be completed if we present an irreducible {B x H)- 
semi-invariant function of weight (0, — v^j) in C[(j>'o]- The group U x N is connected and 
has no non-trivial characters, hence in view of [PV, Theorem 3.17] it suffices to present 
an irreducible (T x 5')-semi-invariant function of weight (0, —^j) in ^C[Gq\^ . One has 
^C[Go]^ - ^C[[/ X T(To X U]^ - C[T x U/N] ~ C[T x u/n], where the last isomorphism 
is due to an S-equivariant isomorphism U/N ^ u/n (see |Mont lemme 1.4]). The group 
T X S acts on the variety T x u/n as follows: any pair (t, s) & T x S takes each pair 
(to, a;) G T X u/n to {ttQ{aQS~^aQ^), sx). We recall that by Theorem [3] the subspace u/n 
is isomorphic as an ^-module to the direct sum C<^^ © ... © C^^ , where C<^. ~ C is the 
subspace of weight (pi with respect to S. Let Ij denote the jth coordinate function on u/n. 
Being a linear function, Ij is an irreducible S'-semi-invariant function of weight —^j. Hence 
the function l®lj G C[T] ® C[u/n] ^ C[T x u/n] is an irreducible (T x S')-semi-invariant 
function of weight (0, —^j)- □ 
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